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6.5 Trigonometric Form of a Complex Number
Imginary

FEALY
, complex plane
L IEE
(=1,3)

Qor
The absolute value of a complex
. number a + bi is defined as the
ol 23 distance between the origin

o ] (0,0) and the point (a, b).

(" Definition of the Absolute Value of a Complex Number
The absolute value of the complex number z = a + bi i1s given by

la + bi| = Ja* + b
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Finding the Absolute Value of a Complex Number
z=-2+D3i

o
L9

= [P+ S
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Cos0 = };_
Trigonometric Form of a Complex Number Sap:l
. Imaginary
a=rcosf and b=rsmnf
where —— 5
r=~Na +b R
.,-4:-" Real
Consequently, you have a

a+bi=(rcos@)+(rsiné)i
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rTrig{JT'IU-IT'II::lT'I-l: Form of a Complex Number
The trigonometric form of the complex number z = a + bi 1s given by
z = ricos # + i sin )

where a = rcos 8, b = rsin 8, r = /a® + b, and tan # = b/a. The number r
15 the modulus of z, and # 15 called an argument of -.
\
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Example2 Writing a Complex Number in Trigonometric Form

Write the complex number lsaganary
HEA LY
> = —5
- = i i .ff_ﬂﬁ i L le
in trigonometric form. . S— 3;‘1 1 p W
Figure out r R
Solution 9 |z]=2
The absolute value of = is Y
r=|-2il=JOF+ (—2F=Ji=2
With @ = 0, you cannot use tan # = b/a to =T
find #. Because z = —2i lies on the negative _al

imaginary axis (see Figure 6.50), choose
& = 3mw/2. So. the trigonometric form is

Figure 6.50
z = ricos 8 + i sin 8)

( 3T . 311')
= 2 cos — + §sin—|.
2 2
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Example 3 Writing a Complex Number in Trigonometric Form

Write the complex number z = —2 — 2_/3{ in trigonometric form.
Solution a-—-2 b = -2
The absolute value of = is sketch a graph
r=|-2-243i = J(-2P + (-2v3) = VT6 =4 I
and the angle # is given by
b —2./3 - |
tan A = = 3.
Because tan{m/3) = J3and z = —2 — 23} lies in Quadrant 111, choose .H to be

8=+ w3 = 4m/3. So, the trigonometric form is

z = ricos @ + i sin #)

4( dar PR 411')
= 4| cos — + isin—|.
3 3
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Example 4 Writing a Complex Number in Standard Form

Write the complex number in standard form a + bi.

e = VA cos(~Z) + 1 un(~ Z)]

Solution
Because cos(— /3) = 1/2 and sin(— #/3) = — /3/2. you can write
zZ= ﬁ[cﬂﬁ(— ;—Tj + i sin{— %)J
T
- ﬁl% - W;"J

= /2 — V6L
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f Product and Quotient of Two Complex Numbers

Let z; = rylcos 8, + isin 8,) and z; = rylcos 8 + i sin &) be complex numbers.
2,2, = ryr[cos(8, + 8,) + isin(#, + 8)] Prodoct

el ﬂ[cus[ﬂl - H'E] + f:-;in{ﬂl — Ez]l , + 0 (uotient
5
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Example 5 Multiplyving Complex Numbers in Trigonometric Form

Find the product z,z, of the complex numbers.

— 3(cos T + i)
=1 = ﬂnhd I!'\-I['I4
3w .. 3w
Za =2 c:-:r!-;.T-l-u-;mT .
2,2, =Ky | cos(6, +6,) +isin(6, +6,)]
Solution
- _3( L z) 2( 3T L s 3_#)
I1Zq cnsﬁl emn4 COs a i sim a
Irsaginary
— T3 e T 3 axis
6[cnﬁ(4+ 4)+!5.m(4+ 4)J )
= HBlcos 7 + §sin ) 34
24 e
= 6[—1 + i(0)] . =L W
= —f ‘i‘EJ I T |_~"" L 1 1 Real
—6 -5 -4-3-2-1 | 1 2 3 ™8

The numbers z,, z,, and z,z, are plotted
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Example 7 Dividing Complex Numbers in Trigonometric Form

Find the quotient np

=
L

#a
[

of the complex numbers.
7; = 24{cos 300° + i sin 300°) z; = B(cos 75° + i sin 75°)
z

1
Zy

[cos(¢;—6,) +sin(6, - 6,)]

h
)

10
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7y 24{cos 300° + i sin 300°)
Z &(cos 75% + i sin 75°)

_ Eﬂi[cnﬁ{annﬂ — 75%) + i sin(300° — 75%]

= 3{cos 225° + i sin 2257)

{5+ (-]

March 10, 2020

11
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Powers of Complex Numbers

(" DeMoivre’s Theorem
If z = ricos 8 + i sin #) is a complex number and n is a positive integer, then
* = [r(cos 8 + i sin )]

= r"(cos nf + i sinn#).
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( DeMoivre’s Theorem
If z = rlcos @ + i sin #) is a complex number and n is a positive integer, then
# = [ricos 6 + isin 6)]

= r"(cos nf + i sinnd).
\ J

Example8 Finding a Power of a Complex Number

Use DeMoivre's Theorem to find

(1+ /3i)"

First convert the complex number to trigonometric form using
— 2 -
r=J12+ (/3P =2
and

-

~|5

T
# = arctan 3
So, the trigonometric form is
T T
1+ /3= Z(DD"EE + i sin E)

Then, by DeMoivre’s Theorem, you have

= o )

ju( 127 _IE'.rr)
= L cos

+ i sin
= 4096(cos 47 + i sin 447)

= 4096(1 + 0)
= 4096,
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Partner Practice

(2 + 2i)(1 - i)

a. Write trigonometric forms of the complex numbers
b. Perform the operation using trig form

c. Perform the operation using standard form

d. Check your answers

14
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Finding the Absolute Value of a Complex Number
z=5+7i “

z=-3-4i

March 10, 2020

15
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Write the complex number of z = 6 - 6i in trigonometric
form.

16
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Write the complex number z= 3i in trigonometric form.

17



6.5 Trig Form of a Complex Number.notebook March 10, 2020

Write the complex number in standard form a + bi

( 2r . 27[)
z =8| COS—+isin—
3 3

18
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Example 6 Multiplying Complex Numbers in Trigonometric Form

Find the product 7,2, of the complex numbers.

2w . 2w Il . ll=w
=2 cn.ﬂ?+r:-1m? E;=Ecn5T+r.~;mT

19
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2( 27r+, i 21.') R( IJ.TJ'+ L Ilﬂ')
& = Cos —— P sl —— - C05 I 510N
1=2 3 3 6 6

— 16| e (2_7-'+ “f-')+..- (2_7-'+ “f-')
COs 3 6 I s1n 3 6

S5 . . o
= I-En(c:u-x. - + § sin T)

= Iﬁ(cux.;—r + isin E") /\
= 16[0 + i(1)] \\-/
= 16i

You can check this result by first converting to the standard forms
5, =—1+ /3 and z,=4.3 — 4
and then multiplying algebraically, as in Section 2.4.
5z, = (—1 4+ /34,3 — 4i)
=—4/3+4i + 12i + 4.3
= 16i

20



6.5 Trig Form of a Complex Number.notebook

A6
Use DeMoivre's Theorem to find (1 + l)

March 10, 2020

21
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